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Abstract The main purpose of this paper is to construct not only gen- 
crating functions of the new approach Genocchi type numbers and polynomials 
but also interpolation function of these numbers and polynomials which are 
related to a, 6, c arbitrary positive real parameters. We prove multiplication 
theorem of these polynomials. Furthermore, we give some identities and ap- 
plications associated with these numbers, polynomials and their interpolation 
functions. 
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1 Introduction, Definitions and Notations 

The history of the Euler numbers and the Genocchi numbers go beck to Eu- 
ler onl6i/i century and Genocchi on 19£/i century, respectively. From Euler and 
Genocchi to this time, these numbers can be defined in many other ways. These 
numbers and polynomials play an important role in many branch of Mathemat- 
ics, for instance, Number Theory, Finite differences. Therefore, applications of 
these numbers and their generating functions have been investigated by many 
authors in the literature. Many kind of functions are used to obtain generating 
functions of the Euler numbers and the Genocchi numbers cf. f[Tj-|28)). 

The classical Euler numbers E n are defined by means of the following gen- 
erating function. 

-J— = XX-7, \t\<TT, 

e l 4- 1 n\ 

n— 

cf. (H-|2S|). 

The classics Genocchi numbers G n are defined by means of the following 
generating function 

OJ- 00 4-TL 

n— 

The Genocchi numbers, named after Angelo Genocchi, are a sequence of 
integers. This numbers are satisfies the following relations. By the umbral 
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calculus convention in ([T}, we have the recurrence relations of the Genocchi 
numbers as follows: 

Go = 0, (G + 1)" + G n = | rl J 1 (2) 

where G™ is replaced by G„. 

Relations between Genocchi numbers, Euler numbers and Bernoulli numbers 
are given by: 

E. - ^±1 (3) 



Gin — 2(1 — 2 n )B 2n 
= 2n£ 2 „_ 1 (0), 

where i?„ and E n are Bernoulli numbers and Euler Numbers respectively, cf. 

as, m, ps, m, nsj, us, na, m, es). 

The ordinary Genocchi Polynomials are defined by means of the following 
generating function: 

00 4-n 

i G {t,x) = f G {t)e xt = Y J Gn{x)- y (4) 
From ([T]) and (j4|), we easily see that 



k=0 



Observe that G = 0, G x = 1, G 3 = G 5 = G 7 = • • • = G 2 „+i = 0, n e Z+ 

cf. (a, 0, 0, m, na, hhd. 

In [TH] and [5D] , Luo et al defined new type generalized Bernoulli polynomials 
and Euler polynomials depending on three positive arbitrary real parameters. 
They proved many identities and relations related to these polynomials. Main 
motivation of the work is to define generating functions of Genocchi type num- 
bers and polynomials depending on three positive arbitrary real parameters. 

Luo et al (pjj], [20]) did not define interpolation functions of their numbers 
and polynomials. On the other hand, in this present paper, we can construct 
interpolation functions of our new numbers and polynomials which depending 
on three positive arbitrary real parameters. We also prove some new relations 
and properties associated with these numbers, polynomials and intepolation 
functions. 

We now summarize our paper as follows: 

In Section 2, we construct generating functions of the Genocchi type numbers 
and polynomials. We give reoccurrence relations of these numbers. We prove 
multiplication theorem of these polynomials. We also give some properties of 
these numbers and polynomials. 
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In Section 3, we find formula of the alternating sums of powers of consecutive 
integers. 

d k f(t) 

In section 4, by using derivative operator J I ' \ t= o to the generating func- 
tion of the Genocchi type numbers and polynomials, we construct interpolation 
functions of these numbers and polynomials. 

In Section 5, we give further remarks and observations on interpolation func- 
tions. 



2 Genocchi Type Numbers and Polynomials 

In this section, by using same method that of , we define generalized Genocchi 
number and polynomial depending on three positive arbitrary real parameters. 
We investigate fundamental properties of these numbers and polynomials. 

Throughout of this paper a, b and c are positive real parameters with a =/= b 
and 

Now we are ready to define generating function of Genocchi type number 
depending on three positive arbitrary real parameters as follows: 

F{t;a,b) = -— t =Y,Qn{a,b)- \t\ < — (5) 

o + a £ — ; n\ In a — mo 

n— 1 1 

By using ([5]) and the umbral calculus convention, we obtain 

2te- tlua 



ci(ln 6— In a) i ^ 



= e S„(a,b)t 



After some calculations, we get the following reoccurrence relations for the num- 
ber Q n (a,b) as follows: 

Let 0o (a, b) = and Qi(a, 6) = 1. For n > 2, 



g n (a,b) + J2 ( J( ln6 -^a) k - n Gk(a,b) = 2nln"- 1 (-) . (6) 

k=0 ^ ' \ a ' 

By using ([S]), we give few Genocchi-type numbers as follows: 



Qi (a, b) = —In a — In 6, 

03 (a, b) = — 6 In 2 a + 3 In a In 6. 

Remark 1 By substituting a = 1, b = e into (0) and then we arrive at fl]] 
and respectively. That is, the number Q n (l,e) reduces to the number G n . 

Lemma 2 Let a, b be arbitrary positive real parameters. Then we have 

Q n (a,b) = (lnfr-lna)"- 1 ^ f ^-^-S ) , (7) 
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and 

g n (a,b)=^(f\(-l) n - k (lna) n - k (lnb-]na) k - l G k . (8) 
fc=0 ^ ' 



Proof. We firstly give proof of ©. From ([5]), we have 

Y,Gn(a,by- = Y,(^b-lna) n - 1 G. ' W ' 



71! 

n=0 n=0 



In a — In 6 / n! 



By comparing the coefficient in the both sides of the above equation, we 
easily arrive at ([7]). Secondly, we give proof of (0. By using ((5]), we have 

71=0 

= n I i , E G »( lnb - lna )"-E(- lna )"~- 

v y n=0 n=0 

By using Cauchy product in the above, we obtain 

n=0 



In b 



^£(t(l)^(-ir*(harMn 6 -,n <> )^. 

n=0 \fc=0 V 7 / 



By comparing the coefficient in the both sides of the above equation, we 
easily arrive at ©■ ■ 

Genocchi type polynomials, depending on three positive arbitrary real pa- 
rameters, are defined by means of the following generating function: 

Let 

T(t,x;a,b,c) = F(t;a,b)c xt = J2$n(x;a,b,c) — , (9) 

71 = 

Where 1*1 < |lna-lnfe |- 

Remark 3 If x = 0, then {PJj reduces to fSJ/ 1 . By substituting a — 1, b — c = e 
into then we have 

J"(*> x; 1, e, e) = fc(£,a;)- 
F(i;l,e) = f G (t). 

From the above, we have 

g n (x; l,e,e) = G n (x), 

Q n (x;a,b, 1) = Q(a,b), 
g n (0;a,b,c) = Q n (a,b), 

G n (0; l,e,e) = G n . 
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Remark 4 Recently, many kind generating functions related to Bernoulli, Eu- 
ler and Genocchi type polynomials have been found. Srivastava et al. J291 pp. 
254, Eq. (20)], introduced and investigated the new type generalization of the 
Bernoulli polynomials order a, (x; A; a, b, c), which are defined by means of 
the following generating functions: 



\ c * = £{ 8 W( a ;A;a J &,c)ij, (|iln(^) + lnA 

71 = 



< 2tt;1 q :=l;xe 
(10) 



W - c 

If we set a = 1 and A = — 1 in MO]) , then we have 

^n ] (x; -l;a,b,c) = --Q n {x\ a,b, c). 

The numbers ©^(x; — 1; a, fo, c) are related to Apostol- Bernoulli numbers. Oz- 
den et al. \2V$ have unifed and extend the generating functions of the generalized 
Bernoulli polynomials, the generalized Euler polynomials and the generalized 
Genocchi polynomials associated with the positive real parameters a and b and 
the complex parameter /3. By applying the Mellin transformation to the gener- 
ating function of the unification of Bernoulli, Euler and Genocchi polynomials, 
they defined a unification of the zeta functions. 

Theorem 5 Let a, b, c be arbitrary positive real parameters. Then we have 

g n (x;a,b,c) = J2f n k \(xhicr- k G k (a,b), (11) 
fc=0 ^ ' 

or 

n /„\ / \ 

(12) 



g n (x;a,b > c)=^(^(xlnc) n - k (lnb-lnar- 1 G k ( ln ^\ b 



Proof of (HID- By (7), we have 



Y,Qn{x;a,b,c)- = J2 G n (a, b)— J2(x lnc )"^- 

n—0 n—0 n=0 

By Cauchy product in the above, we easily see that 

t n 



n=0 ' n=0 \fc=0 V ' 



k {a,b)x n - k {\nc) n - k 



By comparing the coefficient in the both sides of the above equation, we 
easily arrive at the desire result. By substituting ([7]) into (TTT1) and §S§ into (fTTj) , 
after some elementary calculations, we arrive at the proofs of (fT2"j) . ■ 
By (p~2|) . we easily obtain the following corollary. 
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Corollary 6 Let a, b, c be arbitrary positive real parameters. Then we have 

n k / \ 
fc=0j=0 v ' ' J/ 

x(lnc) n - fc (lna) fe ^ (ln6 - Ina)"-^' - * -1 ^, 

where Gj denotes classical Genocchi numbers and 

f n \ n\ 
\j,n- k,k- j) j\{n - k)\{k - j)V 

We now give application of Theorem [5] as follows: 

Go {x; a, 6, c) = 0, 

Qx (x; a, 6, c) = 1, 

C/2 a, &) c) = 2x In c — In a — In fo, 

If we take a = 1, and b = c = e in the above, then we obtain ordinary 
Genocchi polynomials as follows: 

g (x; l,e,e) = 0, 

Qi(x; l,e,e) = 1, 

£2(2:; 1, e, e) = 2# - 1, 

Qzix] 1, e, e) = 3(x 2 - a;). 

By using ([5]), we have 

> g n (x+l;a,&,c)— = 

n! o E + a 1 

n— 

2tc xt (c t - a* - 6*) ^ (i n c )» a; ™<»+ 1 



= 2fc**+ ^ VV° ; =2V 
6* + a* ^ 



n=0 



2 / g g w (a;; a,6,c)tM / g ((lnc)" - (In a)" - (lnb)") f > 



After some elementary calculations in the above, we obtain 

00 t n 
V g n (x + l;a,b, c) — 
' n\ 

= -2G a + t {2 + 2(\nc - \na - \nb)G Q - 20^; a,b, c)) 

t n 
7\ 



+ (2n(\nc) n - 1 x n ' 1 - Q n (x; a, b, c)) 

n=2 

co /n—1 / \ \ i n 

+ E E U K 1110 )"'' ~ ilnar ~ l ~ (ln6) "^ Qn{x;a,b,c)-m 

n=2 \i=0 ^ ' ) n ' 

Thus, by using the above equation, we arrive at the following corollary: 
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Corollary 7 Let a, b, c be arbitrary positive real parameters. Then we have 
g n (x + lia,b,c)=f2(t)Sk(x-,a,b,c)(lnc) n - k , (14) 

k=Q ^ ' 

or 

g n (x + l;a, b,c) = G n (x; -, -,c). (15) 

c c 

By substituting a = 1, 6 = c into (|13[) with n > 1, we have 

G n (x + l;l,b,b) = 2n{lnb) n ~ 1 x n - 1 - G n (x;l,b,b). 

By substituting b — e into (|13|) with n > 1, we obtain 

G„(a; + l) = 2na;"- 1 -G„(x). 

By using ([5]), we easily arrive at the following result: 

Corollary 8 XTie Generalized Genocchi polynomial is satisfying following rela- 
tions ^ 

g n (x + y;a,b,c) = Y / (f\ Q k (x; a, b, c) (In c)»-y , 

k=0 ^ ' 

or 



G n (x + y;a,b,c) = ( j a, 6, c)(lnc) ? 



-k^n-k 



Theorem 9 (Multiplication Theorem) Let a, b, c be arbitrary positive real pa- 
rameters. Then we have 

2 0»(*5 a, 6, c)- = y- 1 £(-l)^„ 3 -,a, b, —rj^ . 
n=o n - j=o \ y a\ v > J 



Proof. By using (|9]), we have 



oo y— 1 



n=o n=oj=o \« y ' / n - 

After some calculations in the above, we arrive at the desired result. ■ 
We now define Genocchi type polynomial of higher order as follows: 

T^(t 7 x;a,b,c) = (——) c xt = £ G^{x; a,b, cf-, (16) 



n=0 



where (x; a, b, c) denotes the Genocchi type polynomial of higher order and 
k is positive integer. 

Observe that (t, x; a, b, c) — T{t, x\ a, b, c) and Qn\x; a, b, c) = Q n {x\ a, b, c). 



By using (jTHJ) , we obtain 

00 j-n 

* — ' n\ 

n=0 



Of 

I * l \l+k (x+y)t 



f^g^(x;a,b,c)^f2Qi k) (y,a,b,cf 



.1!' 

n=0 n=0 

From the above, we obtain 

After some elementary calculations, we arrive at the following theorem: 

Theorem 10 Let I and k be positive integers. Let a, b, c be arbitrary positive 
real parameters. Then we have 

^+ fc )(x + y;a ! 6, C ) = ^(")^H^«.^c)gW i (y;a ) 6,c). (17) 
3=0 

3 The alternating sums of powers of consecutive 
integers 

n 

In 1713, J. Bernoulli discovered a formula for the sum ^ W for j G Z + . In 

b=0 

this section we prove the alternating sums of powers of consecutive integers for 
g n (x;a,b, c). 

By using (|5|) and ©, we obtain 

F(t;l,b) - (-l) m J"(i,m;l,6, b) 

= V(^(l,6)-(-l)™a„(m;l,6,6))-. 
' n! 

n=0 



From the above, we have 

m— 1 



5>i)w=5: 



£„(!,&)- (-l) m e„(m; 1,6, 6) \ f 



fc=0 n=0 

After some calculations, we arrive at the following theorem: 
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Theorem 11 Let m and n be positive integers. Let b be arbitrary positive real 
parameter. Then we have 



m—l 



V-\ U k hn _ Gn(l,b)-(-l) m g n (m;l,b,b) 
^ [ ij * ~ 2nln" (b) ■ 



fc=0 

Remark 12 By substituting b = e into Theorem \ll[ then we have 

yV-l)*fc* = gn(l,e)-(-irg n (m;l,e,e) 

fe=o ^ n 

Gn - (-l) m G n (m) 
2n 

Thus, by Theorem \ll\ reduces to 
m—l 



y, ( _ 1)fefc „ = ^-(-lr^m) ^ 

cf. (jg, m, m> w, w$, W, Mh 

4 Interpolation Functions 

In this section, we construct interpolation function of the generalized Genocchi 
type numbers and polynomials on C. 
By using ([5]), we have 

oo 

F(t,x;a,b,c) = 2 ^(-l) n e ( a:lnc - lno+nln i>* 

ra=0 

00 £71 

= y2Gn(x;a,b,c) — . 
By applying derivative operator - - F ( t ^ g - b ' c ) | { _ Q ^ ^j^g a bove, we obtain 

oo , 

g k (x;a,b,c) = 2k V(-l)"(nlnc - lna + nln -) fc " 1 . 

z — ' a 

n=0 

Therefore, by using the above relation, we obtain the following theorem. 

Theorem 13 Let k G Z + . Let a, b, c be arbitrary positive real parameters. 
Then we have 

G k (x;a,b,c) -A 6 k _ 1 
—2} f — 1) (xlnc — ma + nin — ) . 

n=0 
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By Theorem ll31 we can derive Hurwitz type generalized Genocchi zeta func- 
tion, which interpolates Genocchi polynomials at negative integers, as follows. 

Definition 14 Let s G C. Let a, b, c be arbitrary positive real parameters. We 
define 

°° (— 1)" 

Ms, *i a, 6, c) = 2 £ (xlnc _ lnQ + 7iln , )s - 

From Definition [T4l we see that 

Zg( S , 1; a, b, 1) = 2 , j 6^ ( 18 ) 

r ( — m a + n hi - ) s 

By substituting s = —n, with n G Z + , into Dehnition 1X41 and using Theorem 
1131 we arrive at the following Theorem. 

Theorem 15 Let n G Z + . Let a, b, c be arbitrary positive real parameters. 
Then we have 

2 , 7 \ G„(x;a,b,c) 

3g{-n,x;a,b,c) = . 

n 

Observe that setting x = 1 in Theorem 1151 we get interpolation function of 
the numbers G n (a, b) as follows: 

Zg(-n, 1; a, 6, 1) = . 

n 

By setting n = j + my with j = 1, 2, • • • , y, y is an odd integer, and to = 
0, 1, ■ • • , 00 in (fT5)l . we obtain 



1 y 00 f-n 
z s (M;a,M) = -£(-!)' £ 



After some calculations in the above, we arrive at the following corollary: 

Corollary 16 Let y be an odd integer. Let a, b, c be arbitrary positive real 
parameters. Then we have 

1 ^ / b(i) \ 

Zg{s, 1; a, b, 1) = — ^(-lY3g s, 1; a, 6, t ^tt n • 

5 Further Remarks and Observations 

The function 3e(s, x; a, &, c) and Zg(s, 1; a, &, 1) are related to the Lerch tran- 
cendent <&(z, s, a) which is the analytic continuation of the series 

I z z 

$0,s,a) = — + ? — p- + ? , 
a s (a + lj 6 (a + 2) s 



..n 



00 

S (Yi + a)-- 

n=0 V ; 
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cf. see [HIl p- 121 et seq.], [2J. The series YlnLo ( n +a)' conver g e f° r a £ C\Z , 
s £ C when |z| < 1; JJ(s) > 1 when |z| = 1 where 

Zq = Z" U {0} , Z" = {-1, -2, -3, ...} . 

$ denotes the familiar Hurwitz-Lerch Zeta function (cf. [31, p. 121 et seq.], 

0- m\- mm)- 

The Lerch zeta function $(z, s, it) is the analytic continuation of the following 
series 

which converge for any real number it > if z and s are any complex numbers 
with either |^| < 1, or \z\ = 1 and 5ft(s) > 1. 

The functio Q(z, s, u) is related to many special functions, some of them are 
given as follows, cf. ([31] P- 124], g], [27]): 

Special cases include the analytic continuations of the Riemann zeta function 



$(M,i)=c(a)=y;-^,H(*)>i, 



n 

71=1 



the Hurwitz zeta function 

oo - 

the alternating zeta function (also called Dirichlet's eta function r](s)) 

" (-1)"" 1 



71=1 



the Dirichlct beta function 



2 s ^ (2n+ l) s ' 

the Legendre chi function 

z$(z 2 s -) ^ z 2n+1 

2 s sW ^ (2n + l) s 1 ~~ K 

n=0 y ' 

the polylogarithm 

OO 

z$(z, n, 1) = Li m (z) = ^2 — 

n=0 

and the Lerch zeta function (sometimes called the Hurwitz-Lerch zeta function) 

L(\,a,s) = $(e 2 ™\s,a), 
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which is a special function and generalizes the Hurwitz zeta function and poly- 
logarithm, cf. ([2], [31], g], [6], [7], [9], [8], [12], [17], [27]) and see also the 
references cited in each of these earlier works. 

Setting a=l,6=c=ein Definition 1141 then we have 



3g(s,x;l,e,e) = 2^ 



n=0 

and 



(-1)" ^ 
(x + n) s ' 



Zg(s,l;l,e,e) = 2j2^- 
*■ — ' n s 

By using (fT9"]l . the function '5g(s,x;l,e,e) and Zg(s, 1; 1, e, e) satisfies the 
following identities: 

3g(s,x; l,e, e) = -2$(-l, s, a:). 

and 

Z g (s,l;l,e,e) = 2$(-l,s,l) 
= -2C*(«). 

Acknowledgement 17 T"/izs paper was supported by the Scientific Research 
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